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Multiple Pure Tone Generation in Aeroengine Fans
at Subsonic and Supersonic Relative Tip Speeds

P. G. Vaidya*
Washington State University, Pullman, Washington

It has been generally assumed that the multiple pure tones (MPT’s) exist only at supersonic relative tip speeds.
However, recent narrowband analysis of fan noise at subsonic relative rotor tip speeds has shown that what was
previously assumed to be a purely broadband noise, is, in fact, a broadband noise mixed with MPT’s. Previous
theories, based on shock wave propagation, need to be extended to explain this and other related phenomena. In
this paper, the limitations of the linear acoustic equations are reviewed. These limitations make it essential to use
a nonlinear model for the MPT generation problem. It is shown that there are three different MPT generation
mechanisms. It is shown further that the characteristics given under the first kind of MPT are the ones which are

- often quoted as the characteristics of the buzzsaw noise. The second kind involves radial modes and would be

manifest at higher supersonic relative tip speeds. The third kind is dependent upon the rotor-stator or rotor-
inflow interactions. It can and does exist at subsonic relative tip speeds. An example of an application of the
theory to the analysis of narrowband data is provided.

VOL. 22, NO. 10

I. Introduction
The Tones and MPT’s

T has been customary for some time to subdivide the

pressure signatures from fans into broadband and discrete
tones. The most common of the discrete tones are observed at
the blade passage frequency and its harmonics. Thus, if the
fan has B blades and if the fan shaft rotates at N rpm, the
blade passage frequency is given by

fs=BN/60 )

For such a fan it is common to observe radiation at fz, 2f5,
3fg, etc. Such radiation is often described as ‘‘fan tones.”’
This paper is concerned mainly with radiation which is neither
broadband nor in the form of these tones. Almost all the other
kinds of discrete frequency radiation reported in the literature
are, at multiples of the shaft rotation frequency, given by

fs=N/60 @

Such radiation is often called ‘‘“multiple pure tones.”” This
paper deals mainly with this radiation. In many of the oc-
currences, these multiple pure tones (MPT’s) have a
characteristic subjective quality. The sound produced is very
similar to that produced by sounding the letter ‘‘z’’ in a
repetitious pattern. Under these conditions, the sound and the
phenomenon are known as buzzsaw noise.

There are many circumstances (discussed further) when the
MPT’s are masked by the broadband noise. Under these
conditions they would not produce the characteristic sound.
Therefore, the MPT is a more general and appropriate term
for the discussion in this paper. However, in this and other
papers, the two terms are often used interchangeably.

Various Theories for Supersonic MPT’s

An overabundance of reported data regarding the oc-
curence of MPT’s deals with this phenomenon, when the
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rotor relative tip Mach number goes supersonic. When this
occurs, shock waves are generated at the top of the rotor. As
explained by Hawkings,! for example, small variations in the
blade spacings and geometries lead these shocks to be of
nonuniform strengths and spacings to begin with. However,
as the shocks propagate, due to the nonlinear nature of the
propagation, these nonuniformities grow. In terms of the fan
spectrum, as explained by Hawkings, there is a shift of the
energy from the blade passage and its harmonics (‘‘the
tones’’) to the multiples of shaft order tones (‘‘the buzzsaw’’
or “MPT’s”").

Hawkings’ model was developed further by several workers
to arrive at, for example, the predictions of the effect of blade
geometry on the MPT’s. However, as Hawkings mentioned,
the shock wave theory was essentially one- or two-
dimensional and did not account for ‘‘any three-dimensional
effects in either blade aerodynamics or in the duct
propagation.”’ A modification of Hawkings’ approach was
proposed by Mathews and Nagel.? They subdivided a variable
area inlet geometry into a series of annular streamtubes.
Within each of these tubes a propagation of uniformly spaced
shock waves was considered to arrive at some impressive
conclusions about the effect of the inlet geometry on the
extent of buzzsaw generation. However, as the authors
pointed out, they had to assume that no acoustic energy could
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Fig.1 Typical spectrum of the multiple pure tones at supersonic
relative tip speeds. (From Ref. 13.)
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flow out of their streamtubes. Therefore, even their work
remained, essentially, quasi-two-dimensional.

It was observed in many tests (for example, Ref. 3), that the
MPT’s were substantially reduced by using a thick inlet lining.
It appeared that this lining reduced the MPT’s more than the
tones (and, in some cases, even increased the tones). Vaidya
and Wang* reanalyzed Hawkings’ model. Hawkings had
shown that the nonlinearities of the shock wave propagation
lead to the transfer of energy from the tones to the MPT’s.
Vaidya and Wang used a weak shock analysis developed by
Pestorius® to model this as a nonlinear resonance
phenomenon. They showed that this resonance can occur with
and without the presence of shocks. In addition, they showed
that the role of a buzzsaw liner (in addition to acting as an
absorber of acoustical energy) is to ‘‘quench’ this nonlinear
resonance and to reduce the transfer of blade passage tone
energy into its subharmonics. (For a detailed comparison of
various buzzsaw theories see Ref. 6.)

Experimental Anomalies and New Techniques

This paper is sparked by a large number of experimental
observations which were difficult to explain with the help of
the unmodified shock wave theories. Perhaps the most
conspicuous of these was the presence of the subsonic multiple
pure tones. In Sec. II some of these experimental results are
reviewed. Also discussed are some of the recent techniques
involving narrowband analysis. The modal measurement
technique,”® in addition to yielding data about the spectrum,
gives information- about the spatial distribution of the
acoustical energy. Coherence analysis® becomes a technique
to separate the broadband from discrete tones.

These techniques have confirmed what Saule!® had shown
earlier; that what passes as a broadband noise is often a
mixture of a lesser extent of broadband and the MPT’s. This
conclusion is important from the subjective point of view
because the discrete tones at the same decibel level are more
annoying than the true broadband. It is also important
because the techniques for suppression for the MPT’s are
likely to be different.

Modifications of Previous Theories

In retrospect, the following modifications are necessary to
explain some of these experimental discrepancies. First, a
modification of the theory to account for three-dimensional
acoustical propagation is necessary. In this way, the
modification due to the radial modes could be accounted for.
More importantly, the earlier theories need to be modified to
account for rotor-stator interactions and inflow distortions.
To use an analogy, Hawkings’ analysis could be regarded as a
supersonic (and, therefore, nonlinear) counterpart of Gutin’s
theory of a single rotor.!! This paper can be regarded as a
nonlinear extension of Tyler and Sofrin’s theory.?

Outline of the Development

In what follows, some of the recent experimental data,
suggesting especially the presence of subsonic MPT’s, are
reviewed. These data serve as a motivation . for the
development of the subsequent theory, followed by a review
of the linear theories of discrete frequency fan noise and their
limitations. It has been shown that, especially near cutoff, the
linear theories are inadequate. The concept of the secular
terms is discussed briefly, followed by a description of the

" resonance expansion technique to deal with them. It is shown
that the linear mechanisms provide the triggers at shaft
harmonic frequencies and the blade passage tones provide the
source for the growth of MPT’s.

This analysis leads to three types of MPT’s. The first kind
of MPT’s is identical to those predicted by the quasi-one-
dimensional shock wave theories. The third type, however, is
shown to exist even at subsonic relative tip speeds. This is
followed by some practical hints about the analysis of
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narrowband data containing MPT’s. As an example, a sample
of some of the recent data taken by Joppa is described. It has .
been shown how the analysis can be used to study such data.

II. Experimental Evidence

A typical spectrum of the MPT’s is shown is Fig. 1,
reproduced from Ref. 13. This represents an example of the
occurrence of the buzzsaw in the inlet at supersonic tip speeds.
Such as occurrence is quite consistent with the leading-edge
shock theories. In this section, however, some of the ex-
perimental evidence for which the shock theories are
inadequate is discussed. A major bulk of engine data is
acquired in the form of the third octave spectra. Figure 2,
given by Saule,!° represents such a typical spectrum, obtained
for fan B at NASA Lewis. Saule comments that this spectrum
is consistent with the notion of discrete tones superimposed on
some broadband base. ’

However, he has shown that the same radiation when
analyzed at 20-Hz filter bandwidth shows ‘‘several closely
spaced noise clusters.”” A further resolution at 10 Hz was used
by Saule to show that these clusters were identified as shaft-
order tones. However, even these tones were surrounded by
adjacent discrete-tone skirts. At 4 Hz resolution, the shaft-
order tones become much more clear. However, at this
resolution, several shaft-order tones exhibit sidebands, which
are tones formed immediately outside the assigned bands of
shaft-order tones. These results were represented by Saule in
terms of Fig. 3.

This analysis lends strong support to the case made by
Mugridge and Morfey'¢ for the use of narrowband analysis.
They had estimated that a one-third octave analysis might
overestimate broadband noise by as much as 10 dB quite
readily.

Saule!® has supplied further interesting data about MPT’s.
He has shown far-field, narrowband data for circumferential
tip Mach numbers ranging from 0.65 to 0.95. At all of the
speeds the MPT’s are observed. The relative tip Mach
numbers ranged from 0.73 to barely supersonic. Figure 4
shows a part of this data at 40 deg to the inlet axis at a relative
tip Mach number of 0.84. The shocks are not supposed to be
present at this speed. What is more interesting, in view of the
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Fig. 2 Third octave spectrum of fan B;.....apparent baseline for
broadband,----- true baseline. (From Ref. 10.)
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Fig. 3 The same radiation as in Fig. 2, analyzed at 4 Hz handwidth.
The actual baseline for broadband is lower. The shaft-order tones and
some sidebands at nonintegral shaft orders are seen. (From Ref. 10.)
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theory to be developed, is that even at subsonic relative tip
speed, in-duct measurements showed, as Saule comments, ‘‘a
pressure pattern resembling leading-edge shock waves.”” The
same NASA Lewis fan at 140 deg showed MPT’s at the
subsonic relative tip speeds. This was another example
contradicting the predictions of the conventional shock wave
theory.

Although Saule’s work is quite noteworthy in terms of the
data analysis of the NASA fan, his work is by no means
isolated in terms of some of these results. In fact he has cited
several references describing ‘1) subsonic tip speed buzzsaw,
2) rear arc buzzsaw, and 3) side bands at nonintegral multiples
of the shaft rotational frequencies. Shivashankara® has
supplemented the technique of narrowband analysis with
those of coherence determination and signal enhancement.
Broadband is incoherent, whereas the discrete tones are
coherent. He has demonstrated that there does exist a
significant amount of discrete frequency radiation, which is
coherent even at subsonic tip speeds.

Further light on the nature of the buzzsaw is shed through
mode measurement techniques. In addition to a knowledge of
the frequency spectrum, these techniques yield valuable in-
formation about the spatial distribution of the acoustical
energy.- Recently, Joppa® has modified the mode measure-
ment technique developed by Kraft and Posey’ and others. In
collaboration with NASA Langley he used an array of 32
microphones to analyze the data from the inlet of a JT 15D
engine. It is shown in a later section that not only the
frequency but also the modal content of some of his data is
consistent with the predictions of the three types of MPT’s
(especially the third kind, which is some ways is the most
controversial type).

There are other related experimental observations which
also serve to motivate this study. The use of inflow control
structures to measure fan noise is becoming common these
days. There is a controversy about the effect of these struc-
tures on buzzsaw. Reference 15, for example, found that there
was no effect. Reference 16 found a reduction in buzzsaw on
the other hand. It could well be that the two sets of ex-
periments corresponded to different intrinsic mechanisms for
the generation of the muitiple pure tones.

"II. Discrete Frequency Radiation
Rotor Aloné Field

The radiation of the tone noise was explained by Tyler and
Sofrin,!? using linear acoustics. For a narrow annulus of
radius @, Tyler and Sofrin’s theory can be stated as follows:
for a rotor with blades, rotating at a speed of @ rad/s, a
pressure field p should exist in front of it. If the incoming
flow is uniform and the blades are evenly spaced, the field
(resulting from the rotor alone) could be represented by

p= Y, Bicos(iB¥+a;),  (1=7=0) ®)

Where { is the time and 7 is the distance along the axis of the
duct. Since this field rotates as a whole at the shaft rotational
speed Q rad/s, the dependence on time could be included as

ﬁ:EB,;COS(ﬁB[‘I/—-QI]‘Fa;,) Q)

This is the initial condition. Using this the field upstream of
the rotor can be calculated. In the absence of mean flow, if the
nonlinear terms are neglected, the wave equation is

1 9p a’p 1 3°p
B A &)
Ci 9P 872 & 9V’
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Fig. 4 Narrowband far-field spectra showing MPT’s at the relative
tip Mach number of 0.84, and absolute tip Mach number of 0.7, at 40
deg from the inlet axis. (From Ref. 10.) (Even the aft angles show
MPT.)
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For outgoing waves, the solution could be assumed to be of
the form

b=, B;cos{a;Z—a,l+ABY +a;) (6)

The wave equation and the form of the initial conditions give
rise to the following relationships:

@; =nBQ M
. @2 PR
TG @ ®

The solution can be interpreted as a set of spiraling waves
since the dependence on time is through (y—Q¢ ). It is also
seen that when &,/C,<nB/d, &; becomes imaginary. In this
case, the wave decays in amplitude as it propagates. In terms
of ©, this condition occurs when

Qa/C,y<1 ®

i.e., when tip Mach number is less than unity. It is interesting
and relevant to the problem in the next section that the cutoff
frequency of all the modes is reached simultaneously when the
rotor tip speed becomes supersonic.

Rotor-Stator Interaction

Tyler and Sofrin'? went on to explain the effect of V stator
vanes in conjunction with B rotor blades. They showed that
the radiation is still at multiples of the blade passage
frequency, so that

»=kBQ (10)
but m is given by
m=KkBxsV an
where s is also an integer.

The Effect of Blade to Blade Nonuniformities

Mather et al.!” have shown that if we were to allow small
variations from blade to blade, we would get

m={xsV (12)

and

=0 (13)

Although the radiation through this linear mechanism is
expected to be small, it serves as a ““trigger’’ for the nonlinear
mechanisms proposed. In the context of the shock wave
explanation also, the blade to blade variations play the same
role.



OCTOBER 1984

The Effect of Radial Modes

In a hollow circular duct or in a cylindrical annulus, the
radial dependence has been shown by Tyler and Sofrin to be

R(r)=Gpplppmn(r/a)] (14

where G, , is a combination of the Bessel and Neumann
functions. u,,, is the eigenvalue, such that G satisfies the
boundary conditions. m corresponds to the values discussed
above and represents the number of circumferential nodes. n
corresponds to the number of radial nodes.

The expression for p is given by

5= Y A n€™ Gy [ (F/ @) 1 €mnks (15)
m.n
where
Fan %
nr= (1= ) ()
and
k=a/C, a7n
The Effect of Mean Flow

Morfey!® has given an extension of these theories to the
case when axial and tangential mean flow are considered.

In the case of the axial mean flow of Mach number M, Eq.
(16) is modified to

—M, £ (M2+ (1=M2) (=2, /R2@) "
Fmon = I—M?

(18)

IV. Cutoff Criteria

Once o, , in the previous section goes imaginary, the
pressure field decays along z. It turns out that even for the
nonlinear analysis the cutoff phenomenon is important. Just
near cutoff the waves spiral around several times before they
exit the duct. This makes them more amenable to nonlinear
interactions. The various cutoff criteria are often expressed in
terms of the cutoff Mach number defined as

M, = bmn/m 19)

In the case of a narrow annulus, the properties of the Bessel
functions could be used to show that

M, , =10

Also, the expressions of the previous section can be used to
show that

m=hB (20)

=rBA ~ Q1)

Since the tip Mach number is
M,=Qa/C, 22)
the condition that «,, , be real or that
k>, 23)

translates into
M,>(M,,=1) (24)

in the absence of the axial mean flow M.
In the presence of M, Eq. (18) can be seen to lead to

Mir=(M2+M?)>1 (25)

M1 is the relative tip speed.
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Thus the mode is cut on at exactly the same time as the
relative tip speed goes supersonic.

Consider now the general case involving stators and the
axial mean flow, where

m=0xsV (26)
o=00 @27

Therefore, using Eq. (18), it can be readily seen that cut on
occurs when

M, > (m/OM,, NT-M? (28)

Now if we define

m sV
M: =—M, = (———
mn f m,n P

WMo, 29)
it is clear that if M™ is unity, cut on occurs when Mgy is unity.
If M*is less than one, the cut on takes place when My is less
than unity, and vice versa.

Consider the mth mode in #th harmonic as described above.
If such a mode has Mj, ,, which is less than one, it could be
cut on at subsonic My,. For a far-field detection of a mode,
two conditions have to met: first, the mode has to be
generated in sufficient quantity; second, it has to be cut on.

A multiple pure tone will be called ‘‘subsonic’’ if it can be
present at subsonic relative tip speed. We can see that a
necessary condition for subsonic MPT is

M . < (30)

The condition is not sufficient due to the generation
condition described above. Linear mechanism will show that
at

{=nrB 31)

that is, at the frequencies given by the blade passage tones,
significant generation is possible. Now, if we choose m <¢,
(i.e., with negative S) it is possible to meet condition (30).
Thus we have verified a well-known observation that, due to
the rotor-stator interaction (and inflow distortion), subsonic
tones are radiated in practice. We have also seen that if
subsonic MPT’s could be generated they might also propagate
for those modes, satisfying condition (30).

We will show in the next section that, given the presence of
these modes, however small, the well-generated and well-
propagated interaction tones could transfer enough energy
into these MPT’s to make them experimentally detectable.

V. Limitations of the
Conventional Acoustic Equation

The homogeneous wave eduation
82¢
ar?

Civig— =0 (32)
is often taken to the starting point in many problems in duct
acoustics. ¢ is the velocity potential. Velocity is given by its
gradient and pressure, another scalar ~is, simply,
— by (3¢/3¢ ). Solutions to this equation are well known from
electromagnetism and have helped further the understanding
of duct acoustics.

It should be recalled that this equation originated from the
Navier-Stokes equations by neglecting some higher order
terms. In the absence of viscosity and heat conduction, if
those terms are not neglected, we obtain (see, for example,
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Refs. 19 and 20)

P .
2¢—~—(7 1) v2¢>+2v¢ v?

(7- )

- 1 - _
+ (Vo)’v 2¢+7 (Ve V) (Ve)? (33)

This could be rewritten as
Civ2¢——= =N($) (G4

where N( ) are the nonlinear terms. It is usually assumed that
these terms have a negligible effect on the solution.

Let us look at the problem as involving a simple per-
turbation. Thus, let us recast Eq. (5) in the following non-
dimensional form:

L(¢) =¢eF(¢) (335)

where ¢ is a perturbation parameter. One such parameter
could be the acoustic Mach number in the z direction, V/C,.
This parameter could well be assumed to be much less than
unity. We can then assume that the final solution could be
written as

¢=¢0+6¢71 +€2¢2+... (36)

It is usually hoped that ¢,,¢,,¢, would be of the same order.
In that case, ¢ =¢, would be an acceptable solution with an
error on the order of ¢ and ¢,+¢¢d; would be a solution
correct to the first order, and so on. The procedure to obtain
0> ¢;, and ¢, then could be described by

L(¢9) =0 (37
L(¢,)=F(¢g) (3%)
L(¢;) =[F(pg+ep,)—F(dg)l/e (39

and so on.

A problem would be encountered if the right-hand sides of
Egs. (38), (39),..., etc., contain terms which are in resonance
with the operator, L. Such terms are called the secular terms.
In such a case, the ordering implied by Eq. (37) is not valid.
To avoid this problem, a method was developed called the
resonance expansion.?! This method bunches together a set of
modes of Eq. (39) by means of undetermined coefficients.
Following the technique of multiple scales,' these coef-
ficients are also made to be functions of the axial distance
along the duct. The unknowns are evaluated by using the
condition that the secular terms should become identically
equal to zero.

VI. Results from Nonlinear Analysis

The details of the techniques of nonlinear analysis are given
in Refs. 19-21 (and also in the references cited in this section).
We will concern ourselves only with the results as they in-
fluence the generation of the MPT’s.

Steepening of Waveforms and Formation of Shock Waves

The most common case found in the literature deals with an
initially sinusoidal wave (see, for example, Ref. 22). It has
been shown that the higher the amplitude and the longer the
distance the wave travels, greater and greater distortion of its
- waveform takes place. In the absence of dissipative mechan-
isms such a wave soon changes into a shock wave. The shocks
dissipate thereafter due to viscosity and heat conduction.

Shocks could also form if a blade, for example, goes
supersonic in a duct. However, no matter how the shocks are
formed, as long as their strength is not very high, they could
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be analyzed by conventional nonlinear acoustic techniques.
This was demonstrated by Pestorius.® Through Pestorius’
work, the isomorphism between the shock wave theories of
MPT and the one described here is well documented.

The Generation of Subharmonics

One of the key results of the Vaidya-Wang study was that in
a narrow annulus the spinning modes show a strong
nonlinearity near cutoff. Physically this is due to the high
spiral that the higher order modes undergo near the cutoff.
Thus, the equivalent length they travel before coming out of
even a short duct is quite large. Consider a set of modes, all
near cutoff, all going at the same group speeds. Let 4; be
their amplitudes. In particular, let their respective phases be 0
or w, and if we define

B;=jA cosa; (40)

Reference 21 has shown that the following interaction
equations result:

dB,

57 = BB+ BB+ BB+ ..
1dB, 1,
2 dZ =§BI—BIB_3+B2B4+B3B5+...
} E =BIBZ_BIB4+BZBS+B386+"'
1dB, 1,
4 ag = 7Bt BiBi—BiBs+ BB+ BBy ... (41)

The set of equations is generalized Volterra equations. These
have been applied to various problems, including those in-
volving the study of turbulence and ecology. In the case of
ecology, various B;’s clearly represent the prey and predator
roles.?

One particular case, which is similar to the prey and
predator problem, is that of the generation of subharmonics.
Nonlinear interaction will generate multiples of the input
frequency. These equations show a mechanism by which
energy in the higher harmonics can be depleted by the lower
harmonics. Consider, as an example, a problem where the
fourth harmonic, say, has an initial amplitude of unity, and
all other harmonics are on the order of € to begin with. In that
case, the form of Eq. (41) would be

dB, - ) 1 de _

iz - B;; Az - B,...etc. (42)
The equations are correct up to first order in e and valid for
small distances from the origin. If truncated, they would be
governed by a characteristic determinant. It is seen from this
determinant [and, in fact, from the form of Eq. (41)], that
certain initial conditions (on phases of the B’s) would lead to
growth of the subharmonics. This growth can occur up to the
point where any of the harmonics breaks through its initially
limited order of magnitude. Once that point is reached the
problem is nonlinear and Eq. (41) would have to be used.

If the duct walls are not rigid, it has been shown in Ref. 21
that the wall admittance becomes a critical factor. If it is
much smaller than the perturbation parameter ¢, the
resonance persists. If it is much greater, the problem becomes
linear. If it is on the order of ¢, the exact equations of Ref. 21
have to be used.

The Source and the Trigger

These interaction equations show that for the creation of
subharmonics, the following criteria have to be met:
1) nonlinear resonance must be present, 2) the modes should
travel at close group speeds, 3) the source must be present at a
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finite amplitude, and 4) the triggers must be present at the
subharmonic levels. However, these can be small.

The Effect of Mean Flow

Vaidya and Wang?* have shown that, in the presence of a
uniform mean flow, the conditions of the previous subsection
remain unchanged, except -that the region of resonance is
broadened for a larger range above cutoff.

The resonance is especially strong for upstream
propagation.

VII. Three Types of MPT’s

First, let us consider the case of a narrow annulus. This can
be readily shown to be similar to that of a rectangular duct. In
this case, the criterion of the previous section generalizes to
one as follows.

A mode at azimuthal mode number m,;, radial mode
number n;, and at frequency @,;, will potentially interact
strongly with any other mode at azimuthal mode number m,,
radial mode number #,, and circular frequency &,, such that

m; n; &

e )

It can be readily verified that this condition leads to
identical phase and group velocities for the modes. Once
condition (43) is. satisfied, the actual rate of interaction
depends upon* the intensity, closeness to cutoff, shape of the
duct, mean flow, and shear.

First Kind

This type of buzzsaw occurs due to rotor field alone. This
field consists of various azimuthal and radial (m,n) modes.
However, the first kind deals only with (m,0) modes. Since
only the azimuthal modes are involved, the criteria of Eq. (43)
simplify to

—L = 4
m W,

If there are B blades, most of the energy has a tendency to
go into blade passage frequency and its harmonics. The blade
passage frequency would be at B. Therefore, Eq. (39) would
be satisfied by m, =1at =%, or m, =2 at @, =2Q, orm, =3
at @,=3{, etc. Thus, for example, if B=15, we can have
energy transfer from the blade passage frequency to 1/15th,
2/15th, 3/15th of the blade passage frequency.

Most buzzsaw noise is probably of this type. Validity of this
theory is being investigated as good modal measurement
techniques are becoming available. Conversely, if it is
possible by design to suppress all other kinds of buzzsaw
generation, then this principle could be used to mvestlgate and
calibrate modal measurement systems.

One strong characteristic of the first kind of buzzsaw
follows from Eqgs. (9) and (30). In a narrow annulus, every
mode of this buzzsaw is cut on simultaneously when the rotor
tip speed is just sonic. It turns out that even when inlet axial
flow of Mach number M, is considered, the criterion just
changes to that predicted by the shock wave theories,

Mpgr= (M;+M7)"% (45)

Second Kind

The second kind of buzzsaw also originates in the rotor
field. In this case, the radial mode number # is anything other
than zero. Now, we have to revert back to Eq. (43). Let us
look at B=15, and let the blade passage frequency be 15,000
Hz. At this frequency, based on the details of rotor loading,
not only will the (15,0) mode be generated, but also (15,1),
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Table ! Resonant packets

Packet m n fHz
A 15 5 15,000
A 3 1 3,000
B 15 3 15,000
B 5 1 5,000
C 15 15 15,000
C 15 14 14,000
C 13 13 13,000
C J— — o
C —_ — —_
C _ — _
C 1 1 1,000

(15,2), and (15,3) modes will be generated, and so on. In the
case of n#0, Eq. (43) is sowewhat difficult to satisfy. Table 1
shows the three packets of modes, which will exchange energy
among each other.

The higher the n, the higher the cut on frequency. As the
rotor tip speed reaches sonic from below, none of the packets
are cut on. Packet B will be cut on at a supersonic tip speed.
Packet A will be cut on at a higher speed yet. Packet C will be
cut on at a much higher tip speed. It is likely that very high n
numbers carry less and less energy.

Therefore, two surprising results emerge. The first is that
the critical relative tip Mach number

Mgr>1 (46)

for the second type of buzzsaw. The second important
conclusion is that the higher the lowest common factor for B,
the higher the critical Mach number is pushed. In particular,
if B were to be a prime number, the critical Mach number will
be pushed very high and very likely the amplitude of the
second kind of MPT will also be greatly reduced.

Third Kind

The third kind of buzzsaw occurs in the presence of rotor-
stator or inflow-rotor interactions. In particular, let us
consider the scattering of the rotor field by ¥V stator vanes
equally spaced apart.

o= kBQ én
but m is given by
m=kBxsV (48)

where s is also an integer.
If we were to allow small variations from blade to blade, we
would get

m=~0xsV (49)
=109 (50)

Further, variations among the stators might lead to ad-
ditional variation in m. Also since this expression allows for
azimuthal orders lower than B, cut on below Myr=1 is
possible.

This type of field can also have n#0. In that case, the
generation is restricted and the critical Mach number is
higher. Despite this, in view of Eq. (30), subsonic critical
Mach numbers are possible.

It should be recognized that the influence of inflow
distortion also follows Eq. (48). In that case, the most general
case is given by V=1 and various values of m are possible. In
particular, because of the negative sign, m can be quite small
and, at subsonic tip speeds, the modes are cut on and the third
type of MPT is possible.
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VIII. The Case of a Large Annulus

In the case of a large annulus, Eq. (43) is no longer ap-
plicable. We have to resort to the group/phase velocity
criteria. As a first step, consider the axial phase velocity. This
quantity also has a significant role to play in linear acoustics.
In the case of a plane wave propagating in the axial direction,
this velocity is the speed of sound. A wave traveling at an
angle to the axis will create an axial phase velocity which is
supersonic (see Fig. 5). A cut on mode, for this reason, has a
supersonic axial phase velocity. At the point of cut off the
velocity is infinite, and below cut off it is imaginary.

First Kind

Figure 6 shows the tip Mach number required for a given
(m,0) mode generated by a rotor alone.? It can be seen that,
for a narrow annulus, for a small m number, the critical Mach
number is about the same for all the modes. In the limit for
hub-to-tip ratio tending to unity, the critical number for all
modes would be unity.

Coincidence of critical Mach number also implies coin-
cidence of axial phase velocity. It is clear, therefore, that for a
small number of blades and narrow annulus, the ““first kind’’
of buzzsaw readily occurs. This type of strong interaction can
be readily demonstrated in a spinning mode facility.2°

For lower hub-to-tip ratios, Fig. 6 shows that, for lower
spinning orders, the cutoff Mach numbers differ sub-
stantially. However, for higher spinning numbers, the effect
of the hub-to-tip ratio on the cutoff Mach number is minimal.
Also, the difference of M, , for two neighboring m’s is not
very large. For the first kind of MPT, in the case of a rotor
with 46 blades, even the subharmonics at =30 would have
only about 2% difference in the cutoff Mach number. The
lower harmonics, however, would have a progressively dif-
fering phase velocity and, therefore, would participate in the
interaction to a lesser degree.

Fig.5 Phase velocity ¥, for a plane wave going along AB.
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Fig. 6 Cutoff Mach number for spinning modes. (From Ref. 25.)
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An extreme example of this would occur when the phase
velocities of the lower orders go imaginary while those of the
higher modes remain supersonic. In this case, the lower order
modes would be cut off. This has been the linear version of
the explanation of the cut off proposed by Pickett.?’” The
phase velocity criterion agrees with this explanation.

It should be noted that even the first kind of buzzsaw begins
to occur at a critical relative tip Mach number which is slightly
supersonic. The higher the number of blades, the closer to
unity this number will be. This could be seen from Fig. 6.
However, the asymptotic expression for the roots of the
Bessel function could be used to show that

M, ,=1+0.8086m=2" 1)

for large m. This shows how close M,, , can get to unity for
large m. This also shows that, for large m, M, , for high
subharmonics is not that different from one another.

Second Kind

The criterion given by Eq. (43) does not hold exactly.
However, it can be used as a rough guide to find which M, ,’s
are likely to be close. In the general case,

M,y = tm,n /M (52)

where p,, , is the (n+ 1) eigenvalue of the duct mode.

Consider a rotor with 46 blades and a hub-to-tip ratio of
zero (hollow cylinder). The blade passage frequency would be
generated at m =46. Now, in the second radial mode,

M 452 =1.324 (53)

It turns out that not the 23rd mode, but the 25th mode will
interact strongly with this mode, for

M 55, =1.328 (54)

which is fairly close. Even the (5,0) mode should be generated
because

M50, =1.329 (55)

If we now consider the second harmonic, there are many
potential interactions. For example, (92,4), (70,3), (48,2), and
(26,1) have very close critical Mach numbers of about 1.31. At
a lower tip Mach number (92,3), (64,2), and (35,7) will be cut
on and for all will interact strongly, because of the M|, ,, for
all being approximately 1.26. (92,1) has a critical Mach
number of 1.13, and at a value that low it would have a phase
velocity very close to that of several modes. Therefore, it
would be hard to distinguish its impact from that of the first
kind of MPT.

There is one more consequence of the inapplicability of Eq.
(43). If the number of blades B were to be a prime number,
for a narrow annulus the number of wavepackets in resonance
would be greatly reduced. This is not necessarily true for the
larger annulus. As a result, the advantage of having a prime
number of blades is probably reduced in the case of a larger
annulus. :

Third Kind

The third kind of MPT is unique in that it can exist even at
the subsonic tip speeds. In a large annulus, at fairly subsonic
speeds, it would have a tendency to be weak. This is due to the
fact that only the lower m order modes will be cut on.
However, Fig. 6 shows that, at lower m orders, the critical
numbers, M, o’s, for various spinning orders differ quite a
bit. Therefore, the resonance in general is weaker. As speeds
increase (even while remaining subsonic) the possibility of
higher spinning modes satisfying the following criteria in-



OCTOBER 1984

creases:

M, = (1-M3})"M,,,(m/kB) (56)

Thus, the higher the M,, the higher the m possible.

At higher speeds especially, the possibility of an inflow
. distortion causing some energy to go into cut on modes in-
creases. Under these conditions, the interaction MPT might
become observable. At supersonic tip speeds, this kind of
MPT can exist and might not be readily distinguishable from
the first or second kind of MPT.

IX. Analysis of Narrowband Modal Data

One of the practical applications of the theory of this paper
has to do with analyzing narrowband modal data. As a
sample case, consider the fan studied by Joppa.® It had 28
rotor blades and it was run at 10,988 rmp. The hub-to-tip
ratio was 0.405, M, was 0.26. The tip Mach number was 0.89.
Therefore, from Eq. (45), the relative tip Mach number is
0.93. It is clear from the discussion that the only type of
MPT’s we might expect would be the third kind.

The blade passage frequency for this fan, given by Eq. (1),
can be calculated as

_ 28x10,988
BT 60

Measurements at this frequency showed a strong tone.
There was also a distinct but diminished tone at half the blade
passage frequency: 2564 Hz. At both these frequencies
Joppa® made the modal analysis, using a 32 microphone
array. It was found that at the blade passage the dominant
mode is m= 22, and at half the blade passage, the mode is
m=11.

The presence of the blade passage frequency could readily
be explained if one were to account for the six struts present.
In Eq. (49), B is equal to 28, and if V=6 for the six struts,
s= — 1 gives m=22 as observed.

For the m=22 mode, in the ¢=28th harmonic of the shaft
rotational f’requency,

=5128 Hz (57

22

M3, 0= 28 My, (58)

From Fig. 6 (or, more accurately, from the formula)

M}, =Mgres = (M35,0+ M, (1-M3,,) 1" =087 (59)

Therefore, (22,0) is cut on for relative tip speeds greater
than 0.87. This explains that the blade passage was cut on.
Now at half the blade passage frequency, m=11 meets the
resonance criterion (43). Further, M,, ,=1.16. And M7, for
m=11and f=14is0.91.

Thus at the relative tip Mach number of 0.93 both (22,0) at
5128 Hz and (11,0) at 2564 Hz are cut on. Second, they are
fairly close to cut on. Third, their phase velocities (as
evidenced by M, ,’s) are fairly close. Fourth, the blade-to-
blade variation would provide a small trigger at (11,0), ac-
cording to the Mather et al. criteria. Although such triggers
would be present at other subharmonics, only this trigger has
a corresponding resonant source at (22,0). Thus, all the
criteria for the subharmonic generation are met, in spite of the
fact that Mg is less than unity. -

X. Conclusions

In this paper a case has been made for extending the
conventional MPT theories to include the three-dimensional
effects and the effects of the rotor-stator interactions and
inflow distortions.
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The necessity is created by strong and increasing ex-
perimental evidence suggesting that a modification of the
existing theories is urgently needed. The most conspicuous of
the experimental evidence has been the presence of subhar-
monic tones at subsonic relative tip speeds. The theory
developed in this paper explains these phenomena and, in
addition, serves as a guide for the analysis of sophisticated
mode and coherence measurements.

It has been shown that the underlying mechanism, for both
the shock wave description and the description of this paper,
is nonlinear resonance. In the limit of rotor alone and narrow
annulus, such a resonance takes place at the relative tip Mach
number of unity. (This is in agreement with the prediction of
the shock wave theory of MPT generation.) However, it has
been shown that the nonlinear resonance can occur in two
other ways if the three-dimensional and interaction effects are
included. ,

The specific characteristics of the three kinds of MPT’s are
studied. A practical example from actual test data has been
worked out to demonstrate one use of the theory. Other
utilities would be along the direction of diagnostics and
modification of the design of the fan and lining. Suggestions
along those lines are included.
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